AIAA JOURNAL
Vol. 37, No. 5, May 1999

Buckling and Vibration Analysis of Composite Sandwich Plates
with Elastic Rotational Edge Restraints

Masoud Rais-Rohani* and Pierre Marcellier'
Mississippi State University, Mississippi State, Mississippi 39762

The small-deflection theory developed for simply supported orthotropic sandwich plates is extended for the elastic
buckling and free vibration analysis of anisotropic rectangular sandwich plates with edges elastically restrained
againstrotation. The plate deflection and transverse shear forces are represented by an independentset of functions
that satisfy the essential boundary conditions for all and the natural boundary conditions for specific cases. The
Rayleigh-Ritz method is used to solve for in-plane buckling loads and transverse natural frequencies through the
solution of an eigenvalue problem. The numerical tables included demonstrate the effects of elastic edge conditions,
aspect ratio, and face sheet ply pattern on the bucklingloads and natural frequencies of anisotropic sandwich plates.

Nomenclature

Ai;, Bij, Dj; = extension, coupling, and bending stiffness
matrices

a,b = plate dimensions in x and y directions,
respectively

E E, = elastic moduli in principal material directions

G,.,G,, = transverse shear moduli of core in x-z and y-z
planes, respectively

G, = in-plane shear modulus in 1-2 plane

h = total plate thickness

h, = core thickness

I, =rotary inertia

i,j,mn = half-wavelengthintegers

K = nondimensionalrotational stiffness

K., K,, K5, K, =rotational stiffnesses along the edges of the
rectangular plate

M, N = number of terms in the series for w, Q,,
and Q,

M = vector containing M., M, M.,

M, M, M, = internal moments per unit length

M. M, M,, = external edge moments per unit length

N = vector containing N,, Ny, N,,

N, = buckling load '

N, = total number of layers in upper and lower
face sheets

Ny, Ny, N,y = internal in-plane direct and shear forces per

o unit length
Ni, Ny, Ny, = external in-plane direct and shear forces per
_ unit length

Ql.kj = transformed reduced stiffness matrix of kth
face sheet layer in the plate

0,,0, = transverse shear forces in the core in x-z and
y-z planes, respectively

Se, S, = transverse shear stiffnesses of the core in x-z
and y-z planes, respectively

T = kinetic energy of the plate

t = face sheet thickness

u, v, w = midplane displacementsin the x, y, and z

directions, respectively
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Vi = strain energy due to bending and twisting of
the face sheets

V. = potential energy of elastic edge support
reactions

V = potential energy due to external in-plane forces

Vs = strain energy due to shearing of the core

X, Y, X, = characteristic functions for w, Q,,

V6. €D €4 and Q,, respectively

2k = z distance to the bottom surface of kth layer

r =[F11a~~~aFMN]T

Cons 2pns Yo = undetermined coefficients

Vizs Vyz = transverse shear strains in the core in x-z and
y-z planes, respectively

€ = vector of in-plane strains (&, , &, yx,) at
the middle surface of the plate

0 = ply orientation angle in a face sheet measured
from x axis

K = vector of curvatures (k,, Ky, K, ) at the middle
surface of the plate

Vis = Poisson’s ratio

0y Pesr Pis Pr = material density, core density, density of kth
layer, and total plate density, respectively

k4 =[Wi, .. Wan]”

Q =[911,~~~,QMN]T

® = natural frequency

Subscripts

it =9/0t

X =9/0x

XX =92 /0x?

xy =9%/3xdy

Introduction

N pursuitof reducingthe weight of aircraftstructures while main-

taining the desired level of rigidity, more designers are consider-
ing the use of sandwich panels with face sheets made of advanced
composite materials. The high rigidity of sandwich panels helps
to reduce the number of stiffeners by allowing them to be more
widely spaced than otherwise possible. Such a panel could then be
treated as a plate with opposite edges supported by two adjacent
stringers/longerons and ribs/frames.

In wing structures,upper skin panels are typically designed based
on buckling strength, whereas in rotorcraft fuselage structures they
are designed based on buckling as well as vibration characteristics.
In either case, the assumption of classical boundary conditions, in
the form of pinned or clamped edges, might inaccurately estimate
the torsional rigidities of the edge supports, resulting in either an
inefficient panel design or one with a lower than expected mar-
gin of safety. To overcome this problem, we present a method for
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elastic buckling and free vibration analysis of composite rectangu-
lar sandwich plates with edges rigidly supported against transverse
displacement but elastically restrained against rotation.

This type of boundary condition appears to have been first
considered by Carmichael,! who developed an approximate so-
lution for free vibration of isotropic rectangular plates based on
the Rayleigh-Ritz method. Laura and Grossi® later used the Ritz
method with polynomial functions for the free vibration analysis of
anisotropicrectangularplates of uniform thickness having all edges
elasticallyrestrained against rotation. Warburton and Edney> devel-
opeda procedureby which the free vibration of isotropicrectangular
plates with elastically restrained edges was solved using the vibra-
tion modes of similar plates having classical boundary conditions.
Recently, Jones and Klang* examined the buckling of anisotropic
plates with and without cutouts and elastically restrained edges.
They also relied on the Rayleigh-Ritz method in their analysis.

Early examples of work on the free vibration of isotropic rect-
angular sandwich plates with classical boundary conditions are by
Yu’ and Chang et al.® Rao and Kaeser’ and Rao® extended the
general small-deflection theory of orthotropic sandwich plates de-
veloped by Libove and Batdorf’ to the shear and axial buckling
problems of anisotropic sandwich plates with all edges simply sup-
ported. Watanabeet al.!® applied a general finite element method for
stiffness and free vibration analysis of anisotropic sandwich plates.
Li and Mirza'! used the reciprocal theorem method and Reissner’s
theory of finite deflection of sandwich plates for the buckling anal-
ysis of clamped sandwich plates. Most recently, Moh and Hwu'?
considered a general scheme for the buckling analysis and design
optimization of sandwich plates with anisotropic face sheets and
different combinations of classical boundary conditions.

The method presented in this paper provides approximate ana-
lytical solutions for the free vibration and buckling of rectangu-
lar anisotropic plates as well as rectangular sandwich plates with
anisotropic face sheets and orthotropic core. This method has been
applied for the solution of several examples with some results com-
pared with those reported in the literature.

Analysis

Theory

The theoretical development is based on the general small-
deflection theory for rectangular orthotropic sandwich plates de-
veloped by Libove and Batdorf’ and extended by Rao® for buckling
analysis of simply supported sandwich plates with anisotropic face
sheets. This theory is further extended here for the free vibration
and buckling analysis of anisotropic sandwich plates with edges
elastically restrained againstrotation. In this theory, the plate’s cur-
vatures are expressed in terms of lateral deflection of the plate and
transverse shear strains in the core. The bending stiffness is as-
sumed to be primarily provided by the face sheets, whereas the
transverse shear stiffness is mainly provided by the core. Although
the coreis assumed to have infinite transverse normal rigidity, its in-
planerigidities are assumed to be insignificant compared to those of
the face sheets.

Plate Model

The sandwich plate is composed of thin face sheets of constant
thickness separated by and perfectly bonded to an orthotropic core.
Each face sheet is made of multiple generally orthotropic layers.
The plate is only assumed to be symmetric about its middle sur-
face. The plate geometry and boundary conditions are shown in
Fig. 1. The torsional stiffness provided by each edge support is
modeled by a series of torsional springs with a combined spring
constant of K. For generalization, each edge support is shown to
have a different torsional stiffness.

Constitutive and Kinematic Relations
The constitutiverelations for the sandwich plate are expressedin

matrix form as
N B A BT (e {
bl =[5 o) 1d) o

Upper
face sheet

Lower
face sheet

Fig.1 General description of the sandwich plate model.

0. Se 0] 7
= 2
Q,V 0 S,V Vyz
where A, B, and D are extensional,coupling,and bending rigidities
defined as

N =

Np
Z Q,@(Zi - Z/%—l)
k=1

(3)

Np
Aij = Z Q,-kj(Zk — Zk—1), Bij =
k=1

1< -
Di; = SZQZ(Zi —Zi,l)
k=1

The coefficient matrix in Eq. (2) consists of tranverse shear rigidi-
ties defined as S, =h.G,, and S, = h.G .. Based on the described
theory, only the face sheets contribute to the A, B, and D matrices,
whereas only the core contributes to the transverse shear rigidities.
The midplane strains and curvatures are related to the deflections
and transverse shear deformations through the kinematic relations

£, u, + wi/Z
& = v, +w? /2 (42)
Vxy Uy, +uv, -I—(w.xw.(v
k, W — 0. /S:
ky ¢ = W,y — 05,/ (4b)
kyy 2wy — Qi /S — Oy /S,

Although the in-plane deflections (¢ and v) can vary through the
thickness, the transversedeflection w is assumed to remain constant.

Application of the Rayleigh-Ritz Method
The free vibration and buckling problems are set up and solved
using the Rayleigh-Ritz method. For each problem the energy
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condition IT is expressed as a function of lateral deflection and
transverse shear forces in the core such that for free vibration

H(w, Qxa Q}): Vb+vx+V8_T (5)
and for buckling
H(w, Qxa Q}) = Vb + Vx + Ve + Vf (6)

The strain energy stored in the face sheets and the core can be
expressed as

G 0.\ 0.
V, = - Dy (w,, — = 2D, w, — =2
=31 [ “(’”“' s, ) i “(’”"' s. )

2

ny) ( Q”>
X\wyy ——==)+ Dplw,, ——=
( » S, » Sy

s, )
0 0,.\
+ Dy <2w.,x), L S—>}> i|dy dx o

_1 a rb Qi Q§
\4_5/0/0 (S—+S—} dy dx )

The potential energy associated with the external in-plane edge
forces and elastic edge moments can be expressed as

1 aprb _ _
V= 5// (Now? +N},wi, + 2N, w, w,)dydx )
0Jo

(e, -2
v, = 5 { /0 |:My <w,y s, )de
b a
+/ [M(w—Q—>] dy} (10)
0 Sy 0

where (w , — Q,/S,) and (w, — Q,/S,) are the rotations parallel
to the x-z and y-z planes, respectively,of an originally vertical line
atthe edge of the plate. The generalexpressionfor the kinetic energy
of the plate can be written as'?

h
1 b b a
T:E/ //p[u?,+v?,+w?,]dxdydz (11)
- 0 0

L
2

where p is the material density, which can vary through the thick-
ness. The integrationin Eq. (11) is performed over the plate volume
including the core. Assuming in-plane displacements vary linearly

through the thickness and that the three displacements are in the
iwt iwt

form u =ue'’, v =ve'’, and w = we'®, Eq. (11) can be rewritten
as
1 a pb
T = 50)2// [L(w’, +w’) +pw’]dydx  (12)
0 Jo
where
Np+1
o= D Pz — %) (13a)
k=1
| et
l=3 > oz —2l) (13b)
k=1

The terminvolving /, in Eq. (12) representsthe rotary inertia, which,
if we assume the slopes w , and w , are small, negligibly contributes

to the kinetic energy compared to the other term and, hence, can be
ignored. Equations (13a) and (13b) include the contribution of the
core as well as the face sheets.

The boundary conditions specified earlier are formulated as

w = Oa Qy = Oa Mx = _Kl (w.x - Qr/Sx)
at x=0
w = Oa Qy = Oa Mx = K3(w.x - Qr/Sr)
at X=da
(14)
w = Oa Qx = Oa My = _KZ(w.y - Q}/S})
at y=0
w =0, 0,=0, My = K4(w.y - Q}/S})

at y=>b

If, for example, the x =0, a edges are simply supported, i.e.,
K, =K; =0, then the corresponding natural boundary condition
becomes M, =0, whereas, if they are clamped, i.e., K; = K3 = 00,
thenw , — Q,/S, =0.

To proceed with the solutions to the free vibration and elastic
buckling problems, suitable functions have to be selected for the
transverse deflection and the transverse shear forces such that the
boundary conditions given by Eq. (14) are satisfied. In the appli-
cation of the Rayleigh-Ritz method only the essential boundary
conditions are required to be satisfied by the assumed functions for
w, O, and Q,; however, the accuracy and convergence of the solu-
tion could be improved if the natural boundary conditions are also
satisfied.

The solutions for the free vibration and elastic buckling problems
are sought in the form

M N
TED IR ACHACH (15)
m=1ln=1
M N
Q-’C = Z Z anXj;(x)Y,f(y) (16)
m=1ln=1
M N
0,=) Y ¥uX,Y () (17)

m=1ln=1

The X,, and Y, functionsfor Q, and Q, are distinguishedby the use
of x and y superscripts,respectively. The finite series are terminated
at values of M and N that render sufficiently accurate solution to
each problem.

To satisfy the essential boundary conditions and the edge condi-
tionson Q, and Q,, we must have
X =0 at

m

X,=0 and x=0,a (18a)

Y, =0 and Y; =0 at y=0,b (18b)

Using Egs. (1) and (4b) to describe the edge moments, the natural
boundary conditions along the x =0, a edges can be written as

Q.’C.X Q V.Y
—-Dy, (w.xx - s, ) — Dy, (u}.},y - Si})

— D16<2w.xy — & — &> =-K, (w.x — %) (19a)

Sx N y x

Qi 0y,
—-Dy, (w.xx - T) — Dy, (u}.},y — Si})

- D16<2w.xy - Q-’C.}' - &> = K3 (w,x - g’C) (19b)

Sx N y x
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Because of the presence of unknown coefficients (T,,,, ,,,, and
W,,,) in the solutions for w, O, and Q,, Eqgs. (19a) and (19b)
are broken into three separate parts involving w, Q,, and Q,,
respectively:

Dllw.xx + 2D16w.xy = Kl W, x

(20a)
Dll W, xx + 2D16w.xy = _K3w.x
Dll Qx.x + D16 Qx.y = Kl Qx
(20b)
Dll Qx.x + D16 Qx.y = _K3 Qx
D16 Qy.x =0 (200)

The coefficient of Dy, term in Egs. (19a) and (19b) is zero because
of the condition specified in Eq. (18a). For sandwich face sheets
made of specially orthotropic layers, conditions in Egs. (20a-20c)
are exactly satisfied as D4 in such a case would vanish. However,
for a more general case involving anisotropic face sheets, D¢ will
notbe zero. This complicates the fulfillment of the natural boundary
conditionsbecauseof the couplingterminvolvingx and y functions.
In such a case, the error associated with removing the coupling term
from Egs. (20a-20c) depends on the magnitude of D¢ compared
with thatof Dy;. If the value of D4 is negligible compared with that
of Dy, then the error in this simplication would also be very small.
Without the coupling term, the natural boundary conditions along
the x =0, a edges can be expressed as

Ki/Di) X, at
Xm xx — { ( 1/ 11) ' (213)
_(K3/D11)Xm.x at
such that
—X, (0 m odd
Xm ’C(a) = N ( ) ( ) (21a/)
' Xn,x(0) (meven)
K,/D) X}, at x=0
e (K1/Dn) 21b)
; —(K53/Dy) X at xX=a
such that
X*(0 m odd
X, (a) = X © ( ) (1)
-X (0) (m even)
The general form of the characteristic beam function
F,(x) = A, cosh(e,x /L) + B, sinh(«,x /L)
+ C, cos(a,x/L) + D, sin(e,x /L), r=1,2,3,...
(22)

is used to describe the X,, function in Eq. (15) with the unknown
coefficients A,, B,, C,, D,, and « determined accordingto the spec-
ified boundary conditions. If, for example, the opposite edges are
assumed to have the same rotationalstiffnesssuchthat K, = K3 = K
and K, = K, =0, then satisfying the specified boundary conditions
in Egs. (18a) and (21a) yields

X (x) = Aplcosh(a,, x /a) — cos(a,x/a)] + B, sinh(a,x /a)
+ sin(e,, x /a), m=1,2,3,....,. M (23)
where, for m odd,

A, = —cot(a,, /2), B,, = cot(a,, /2)tanh(e,, /2)

(24a)
Q, = _%(aK/Dll)[tan(am /2) + tanh(ozm /2)]
and, for m even,
Am = tan(ozm /2)7 Bm = —tan(ozm /Z)COth(am /2)
(24b)

Qy = %(aK/Dll)[COt(am /2) - COth(am /2)]

For the X, functions describing the transverse shear forces Q,
and Q,, the simplified form of Eq. (22) with the hyperbolic terms

eliminated is used. This form does satisfy the boundary conditions
in Egs. (18a), (18b), and (21b) and for the case K| = K; = K, and
K, =K, =0yields

X* (x) = C¥ cos(ef x /a) + Df sin( x /a)

m m m

m=1,2,3,....,.M (25
where
2
ot aK /Dy, 2 akK
C.’C — i’ D.’C — R A — X —
m A m A (Olm ) + D1 1
(26a)
o) (1 Fcosa’) F (aK/Dyy)sina), =0 (m odd/even)
(26b)
X} (x) = sin (oz}nx/a) 27)
o) =mm, m=1273,....,.M (28)

m

Considering the natural boundary conditions along the y =0, b
edges, the characteristicfunctions Y, Y'Y, and ¥;* are found by fol-
lowing similar steps to those shown in Egs. (19-22).

With the unknown coefficients in the characteristic functions de-
termined, Eqs. (15-17) are substituted into Egs. (5) and (6) via
Eqgs. (7-10) and (12). For the Rayleigh-Ritz solutions to the free vi-
bration and elastic buckling problems, IT is minimized with respect
to the undetermined coefficients I',,,,, €2,,,, and ¥,,,,. That is,

9z E)> E)>
=0, —= =y, —= =0 (29)
a rmn a an n a \Ijﬂl n

where m=1,2,..., M,n=1,2,...,N, ¥ = V,+V,+V,, and
Z = X — T (freevibration)and ¥ + V, (buckling). These equations
lead to a system of 3 (M x N) linear equations, which in symbolic
matrix form may be expressed as

0Z X 0x
L armn rij | L armn Qij | L armn wij |
- - - - r 0
X X 0x al_1lo
_ann ri; | _ann Qij | _ann wi; | "Il 0
o | ] [Toas | | [ oz | |
__a“ljmn ri; | _a“ljmn Qij | _a“ljmn v ||
30
where I' = [[y, ..., Tunl". Q = [y, ..., 2un]", and ¥ =
[, ..., ¥yn]T. The coefficient matrix in Eq. (30) is symmetric

with each submatrix defined as

1 u Dll D ww Fww
=33 [P v + 22

Tij i=1j=1

0x
armn

(wawa) +8D_(wawa)

+ Ewaww) — "

nj

b

-|.-4D_ (Iwuwaw + Iww‘]ww) _1__4% (waoww

im “nj mi mi

+wa0ww)j|l—~[_j (31)

im nj

oT
armn

= o’ f > [abp, (Lprmpe)

) i=1j=1

b
+ Ir( waMww + = wawa)j|l"[j (32)

im b im
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vy A ( b
—L| = NZHL MR + N Lo K
armn Tij i=1 1:21 / "b /
+2N,, G J,;j“’)r 33)
az — 1 X Dll wawa Hl wa
T =5 2 —2 M
mn gy X i=1j=1
X w Dlz wx xw D66 Xw g wx
+ EilmM'jn ) —-2— b (Gmt F"n ) —4— b (G Knj )
+%(_4wa‘]xw _2Ewawx + Gl Jux +2G1 wa)
mi ¥ jn nj imYnj im" jn
Dyga
+ ;j (—2L3 oy +L;;Kj.ﬂ)}sz,-, (34)
0% 1 fZ{D”“ L) (—200 + K, + F))
al—-”m WU 2S‘ == im Jn Jn
D D Db .
_2_12(E‘w‘]:j”) 4£(Ht:1;v‘]‘w)+ 12 (_21{‘:11
2 D26 yw 1
+Hun)M + T[Gtm( 4K +2‘] )
+ G (2K, + ] )]}q/,, (35)
9% Iy~ [Dub o (2H
| Il | Berhen - 6)
mn Qi i=1j=1
+2D66aLwKw+2 waMw
S2 b Sy
D G** J*< G Jr — 1 MZ
+F(2 mi¥ jn +2 imYnj im Jn) Q (36)
E) 1 X {Dzz a
| =3 (210K = L (5 + 73]
oV, Wi 2;; S}Z b / /
D b ., ab
2——H.""M 2—L”M”
+ S% q im + S jn
D Gan GHJH Ml LZ
+— S (2 im"nj +2 mi¥ jn nj ) \Ijij (37)
i) 1 G [
=— DG Ty + DesG, T
ann Wi S-’CS," ;_/:Zl ! !
+ D2 (B 163 Yme + Dotk = L2 e |w,
16 mi 2 mi nj 26b 2 jn im
(38)

Table 1
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The terms with alphabetical and numerical superscripts in
Eqgs. (31-38) are defined in the Appendix. Through Gaussian elim-
ination, Eq. (30) is reduced to a simplified eigenvalue problem in
the form

([R\] =AU} =

{0} (39

with
Q} = (1/M[R,UT) (¥} = /0 [R;I{T)

The solution of Eq. (39) results in M x N eigenvalues, where, for
a specified plate aspect ratio, the largest positive eigenvalue gives
the natural frequency as @ =+/(1/A.) and the buckling load as
N, = 1/A.,. The coefficient matrices R, R,, and R; depend on the
geometric attributes and material properties of the sandwich plate.
Whereas the R; matrix for the free vibration problem is different
from that for the buckling, R, and R; matrices remain the same for
both problems.

(40

Numerical Results and Discussion

A computer code, based on the described analysis procedure, was
developed and used for the analysis of a number of test cases. The
results are presented in two parts. The first part is for free vibration
(with the rotary inertia term ignored), and the second is for elastic
buckling.

It is important to point out that the accuracy of solutions based
on the approach presented depends on the values selected for M
and N. For low aspect ratio (a/b < 3) simply supported sandwich
plates with orthotropic face sheets, sufficiently accurate results can
be obtained for compression and shear buckling loads, as well as
fundamentalnatural frequency, using M and N < 4, butin the pres-
ence of anisotropicface sheets and elastic rotational edge restraints,
higher values may become necessary. However, higher values for
M and N would result in a greater number of algebraic equations
whose solutions would be obtained at a greater computational cost.
In all of the solutions presented, M and N were set equal to 4.

Results of Vibration Analysis

The results of free vibration analysis obtained are given in
Tables 1-5.Inthe caseofisotropicand orthotropicrectangularplates
our results for natural frequencies and mode shapes coincide with
those previously reported in the literature.!*'* We also find our re-
sults for the case of isotropic sandwich plates with all edges clamped
to be in reasonably good agreement with the experimental values
reported by Ueng.!> This agreement resulted although for our cal-
culations we ignored the effects of rotary inertia and truncated the
series in Eqs. (15-17)at M = N =4.

We also comparedour results for sandwich plates with orthotropic
and anisotropic face sheets and all edges clamped with those found
numerically by Watanabe et al.'” using the finite element method.
We find that on average our predicted values for natural frequencies
are 5% largerthan theirs. This is possiblyin partbecausethey assume
shear strains in the core y;, and y,, to be linear functions of the
slopes w , and w ,, respectively, whereas in our study these strains
are modeled independently of the transverse deflection according
to Egs. (16) and (17). Also by truncating the series in Eqs. (15-17)
at M = N =4, our plate model has become somewhat stiffer than
theirs, thus resulting in slightly larger values for predicted natural
frequencies.

Nondimensionalized frequencies wb?./ (ph/D) of isotropic rectangular plates (K; = K3 = aK/D = K, = K4 =bK/D = K)

Mode number

1 2 3

a/b K Present study Carmichael! Present study Carmichael! Present study Carmichael!

1 0 19.74 19.74 49.35 49.35 78.96 78.96
20 31.09 31.09 64.34 64.31 95.89 95.85
o0 36.01 35.99 73.46 73.41 108.37 108.3

5 0 10.26 10.26 11.45 11.45 13.42 13.42
20 19.38 19.38 20.15 20.15 21.54 21.52
o0 22.64 22.64 23.46 23.45 24.93 24.89
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Table2 Nondimensionalized fundamental frequencies wa? ./ (p/h2E>) of symmetric cross-ply (0/90/0) square plates®
(Kl = K3 = aK/Dll and K2 = K4 = bK/Dzz)

Ei/E,
10 20 30
aK /Dy bK /Dy Present study Reddy' Present study Reddy' Present study Reddy'
0 0 10.65 10.650 13.95 13.948 16.61 16.605
0.25 0.25 11.06 o 14.54 — 17.34 —
20 20 19.14 o 2591 — 31.24 —
00 0 21.12 21.118 29.17 29.166 3543 35.431
00 00 22.31 o 30.28 — 36.50 —

3G 2/Ey = 0.6 and vj» = 0.25.

Table 3 Natural frequencies of aluminum/aluminum honeycomb rectangular sandwich plates®
(Kl =K3 =aK/D =K2 =K4 =bK/D =K)

Smn, Hz
1 2 3

K m\n Present study Ueng! Present study Ueng? Present study Ueng?
0 1 27.73 27.759 84.46 84.801 173.18 174.625

2 51.80 51.880 107.72 108.802 195.27 196.962

3 91.48 91.704 146.10 146.857 231.75 233.889
00 1 51.57 48 123.54 127 224.68 238

2 77.83 84 147.57 148 247.48 249

3 122.33 137 189.28 192 288.40 285

AProperties: a = 67.75in.,b = 43.5in., p = 1.114 x 1075 lb—szlin.3, E =10 x 10° psi,v = 0.33,1 = 0.016 in., h = 0.25 in., G,; = 19.5 ksi, and
Gy, =7.5ksi.
YK = 0 values found by Ue:ng15 are theoretical, whereas those for K = 00 are experimental.

Table4 Natural frequencies of orthotropic and anisotropic (61/6,/0;/core); rectangular sandwich
plates® (K1 =Kz =K, =K4=00)

Mode number f, Hz

1 2 3
Present Watanabe et al.” Present Watanabe et al.” Present Watanabe et al.”
01 /6, /63, deg he, mm study (% diff.) study (% diff.) study (% diff.)
30/30/30 10 778 732 (6.28) 1293 1197 (8.02) 1599 1477 (8.26)
0/0/0 10 752 716 (5.03) 1312 1240 (5.81) 1527 1414 (7.99)
30/-30/30 7 642 616 (4.22) 1170 1106 (5.79) 1273 1204 (5.73)
0/90/0 7 716 693 (3.32) 1167 1119 (4.29) 1497 1412 (6.02)

2Properties: @ = 450 mm, b = 300 mm, ¢ = 0.375 mm, E| = 105 GPa, E; = 8.74 GPa, G|, = 4.56 GPa, vjp = 0.327, py = 1600 kg/m3, G, =
103 MPa, G, = 62.1 MPa, and p. = 16 kg/m3.

Table 5 Nondimensional fundamental frequencies wb?./ (p,/Dy;) of carbon-epoxy/aluminum honeycomb rectangular
sandwich plates® (K; = K3 =0 and K, = K4 =bK/D3,)

bK /Dy
a/b 0 0.5 1 5 10 20 [ee)
[(0/90)z/corels, Dis /D11 =Dag /Dy =0
0.5 26.73 26.83 2691 27.26 27.45 27.67 28.18
1.0 11.89 12.15 12.35 13.18 13.61 14.04 14.97
1.5 9.04 9.39 9.67 10.75 11.28 11.80 12.89
2.5 8.01 8.42 8.74 9.95 10.53 11.09 12.24
[0/:&45/90/60}’6]5, D]g/D]] = Dgg/D” =0.0066
0.5 30.48 30.50 30.51 30.61 30.73 30.92 31.54
1.0 14.76 14.90 15.02 15.55 15.88 16.27 17.25
1.5 11.10 11.36 11.58 12.49 12.97 13.48 14.61
2.5 9.09 9.47 9.78 11.02 11.63 12.22 13.45

aProperties: b = 254 mm, tply = 0.127 mm, E| = 229 GPa, E; = 13.35 GPa, Gy = 5.25 GPa, v = 0.315,h. = 10 mm, G,, = 0.146 GPa, and
G,, = 0.0904 GPa.

Table 6 Axial buckling of graphite-epoxy/aluminum To investigate the effect of rotational edge restraints on the vi-
honeycomb [(0/30)2/ core]; rectangular sandwich bration characteristicsof composite sandwich plates, we analyzeda
plates’ (K, =K; =K =K4=0) series of sandwich plates with two opposite edges simply supported

Ny o N/mm and the other two rigidly supported against transverse displacement

but elastically restrained against rotation. The results of this anal-

cent s : 12
4 mm b, mm Present study Moh and Hwu ysis are given in Table 5. Because of higher bending stiffness, the
500 1000 114.19 114.194 sandwich plates with quasi-isotropic face sheets are found to have
1000 1000 60.05 60.0532 higher natural frequencies than those of equal thickness cross-ply
2000 1000 60.05 60.0519 face sheets.

“Propertes: fyyy = 0.125 mm, Ey = 181 GPa, £, = 10.3 GPa, G2 Regard.le.ss.of face.sheet fiemgn, we find that at lf)w aspectratios
7.17 GPa, vjy = 0.28, h. = 10 mm, G,, = 0.146 GPa, and G,, the platerigidity dominatesits vibrationresponse with the boundary
0.0904 GPa. conditions having a very minor role. However, as the aspectratio is
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increased, the plate becomes more flexible, and the edge conditions
become more significant. For example, for the sandwich plate with
cross-ply face sheets, the difference between the natural frequency
for all edges simply supported vs the one with two opposite edges
pinned and the other two clamped is only about 5% for a /b =0.5,
but it jumps to 53% for a/b =2.5. This clearly demonstrates the
need for proper modeling of torsional stiffness provided by edge
stiffeners in a high apect ratio sandwich panel.

Table 7 Axial buckling of carbon-epoxy/aluminum
honeycomb (6/core); square sandwich
plates® (K1 =K3 =K, =K4=0)

Face sheet Ny er, Nfmm

6, deg Present study Rao®  Moh and Hwu'?
0 423.8 423.8 424.2
10 428.8 428.7 429.3
20 443.5 443.5 444.3
30 459.5 459.5 460.7
40 468.6 468.7 470.1
45 463.3 —_— 464.9
50 433.7 —_— 435.2
60 356.5 356.6 3579
70 285.7 285.6 286.9
80 233.6 233.6 234.8
90 213.8 213.8 214.9

Properties: @ = b = 225 mm, )y = 0.2 mm, E| = 229 GPa,
E, =13.35GPa, G|, = 5.25 GPa, vj, = 0.315, h, = 10 mm,
G,; = 0.146 GPa, and G,. = 0.0904 GPa.
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Results of Buckling Analysis

The results of buckling analysis are given in Tables 6-10. The
effects of aspect ratio, face sheet ply angle, and boundary condition
on bucklingload are demonstratedin these solutions. We performed
a convergence study on the axial buckling of a simply supported
square sandwich plate with each face sheet made of a single ply
of an anisotropic material. The values of M and N for w, Q,, and
Q, functions were kept the same and varied from 1 to 4, and the
results were examined for differentface sheet ply angles. For angles
below40deg, there was no improvementin calculatedaxial buckling
loadsbeyond M = N = 1. However, for ply anglesabove 40 deg, the
solutions for buckling loads converged at M = N =3, with minor
improvement using M = N =4 (Ref. 16). In Table 7 the critical
axial buckling loads obtained here using M = N = 4 are compared
with thosereportedby Rao® and Moh and Hwu'? for 11 differentply
angles. Our results are found to be in excellentagreement with those
reported in the literature for both simply supported and clamped
boundary conditions.

We also examined the axial and shear buckling of anisotropic
rectangular sandwich plates with two edges simply supported and
the other two elastically restrained against rotation. Using condi-
tions similar to those in Table 5, we find, because of higher bending
stiffness, the sandwich plates with quasi-isotropicface sheets have
higherbucklingloads than those with cross-ply face sheets (Tables 9
and 10). In both cases, the sandwich plate is stronger in shear than
in axial buckling. We also notice, as in the case of free vibration,
the effect of edge condition on buckling becoming more critical
as the aspect ratio is increased. However, unlike free vibration, we

Table 8 Axial buckling of graphite-epoxy/aluminum honeycomb [(6/— 0),/core]; rectangular sandwich plates®

K =K;=K,=K;=0

K =K;=0; K, =Ky =00

Ny er, N/mm Ny er» N/mm
a, mm b, mm 0, deg Present study Moh and hwu!? 0, deg Present study Moh and Hwu!2
1000 500 44 352.68 352.66 36 453.89 44473
1000 1000 45 99.93 99.932 42 154.78 152.85
1000 2000 0 50.31 50.310 0 51.48 51.488

Properties: fply = 0.125 mm, E| = 181 GPa, E; = 10.3 GPa, G = 7.17 GPa, vi; = 0.28, ic = 10 mm, G,; = 0.146 GPa, and G,. =

0.0904 GPa.

Table9 Nondimensional axial buckling loads N,.b?/D; of carbon-epoxy/aluminum honeycomb rectangular sandwich
plates® (K1 = K3 =0 and K, = K4 =bK/D»;)

bK /Dy
a/b 0 0.5 1 5 10 20 o0
[(0/90)/corels, Dis/D1; =Das /D1 =0
0.5 18.10 18.24 18.35 18.82 19.09 19.39 20.11
1.0 14.31 14.95 15.46 17.61 18.76 19.39 20.11
1.5 14.88 15.22 15.49 16.65 17.28 17.95 19.51
2.5 14.43 14.86 15.20 16.65 17.44 18.21 19.30
(0/:&45/90/00}’6)5, D]g/D]] = Dgg/D” =0.0066
0.5 23.54 23.56 23.58 23.74 2391 24.21 25.19
1.0 22.06 22.49 22.85 23.74 2391 24.21 25.19
1.5 21.44 21.60 21.73 22.40 22.89 23.56 25.19
2.5 21.41 21.64 21.84 22.55 22.85 23.31 24.73

4Same properties as those in Table 5.

Table 10 Nondimensional shear buckling loads nyblell of carbon-epoxy/aluminum honeycomb rectangular sandwich
platesa (Kl = K3 =0and K2 =K4 = bK/Dzz)

bK /Dy
a/b 0 0.5 1 5 10 20 o0
[(0/90)/corels, Dis/D1; =Das /D1 =0
0.5 26.52 31.32 31.20 30.52 30.18 30.18 31.34
1.0 18.46 19.45 19.53 19.72 19.81 20.03 20.80
1.5 16.48 17.12 17.27 17.74 17.99 18.39 19.25
2.5 15.66 15.98 16.19 17.00 17.47 18.05 19.41
(0/:&45/90/00}’6)5, D]g/D]] = Dgg/D” =0.0066
0.5 34.52 40.80 40.62 39.56 38.97 38.74 39.97
1.0 25.22 26.73 26.71 26.53 26.47 26.61 27.47
1.5 22.95 23.75 23.83 24.08 24.26 24.61 25.51
2.5 22.23 22.50 22.64 23.27 23.71 24.31 25.85

4Same properties as those in Table 5.
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find the effect of boundary condition on both axial and shear buck-
ling to be much greater for sandwich plates with cross-ply face
sheets than those with quasi-isotropicfacings.

Concluding Remarks

We presented an extension of the small-deflection theory of sand-
wich plates to the free vibrationand buckling analysis of anisotropic
sandwich plates with edgesrigidly supported against transverse dis-
placement and elastically restrained against rotation. The compar-
ison of results found here with those reported in the literature in-
dicates that natural frequencies, mode shapes, and buckling loads
can be predicted with considerable accuracy using the method pre-
sented. Although in the example problems the opposite edges of
the plate were assumed to have identical conditions, the theory pre-
sented is general enough to allow each of the four edges to have
a different rotational stiffness. We also found that in both free vi-
bration and buckling of anisotropic sandwich plates, the eftect of
boundary condition becomes more significant as the aspect ratio is
increased.

Appendix: Mathematical Definitions

The terms with alphabeticalsuperscriptsin Eqs. (31-38) represent
the following integral equations:

a b
EM = a/o X, X, . dx, Foe =b/0 Y, Y,y dy

G:_v’;u :/ XiXm.x dx, H,'u,;,w = a/ Xi.me.x dx
0 0

Iiur:rw = aZ/ Xi.me.xx dx, J}l,}[w = / Y Y,, Ly dy
0 0
b 1 a
K= b/ Y Yn dy, LY = —/ X,'Xm dx
jn Ly im
0 a Jy
(AD
1 [* a
M, = —/ Y;Y, dy, Ny = 03/ Xi o X v dx
b J, 0
1 1 1
_/ ixx m XX = _4N,-u,;,w + _[Xi.me.xx]g
aJo a a

b
o :b2/0 Y Yo,y dy, puv :b3/0 Y Y, dy

1 b 1 ww 1 b
Z o YiyyYoyydy b4 = P Z[YJ.>'Y’7~>')’]0

For integralsinvolvingdifferent X and Y functions, we use the same
notations as Eqs. (A1) with superscripts changed according to the
functions involved. For example,

R Y
L'.”:—/ XX, dx,
alJo

im m

1 a
LY = —/ XX, dx
aJo

To evaluate each integral in Egs. (A1) we use a generic formu-
lation based on the characteristic function for a beam of length L
given as

F,(x) = A, cosh(e,x /L) + B, sinh(e,x /L) + C, cos(a,x /L)
+ D, sin(a, x /L) (A2)

along with the conditions that, for 7 odd,

F.(L) = F.(0), Fr.x (L) = _Fr.x(o)
(A3)
FV..’C.’C (L) = FV..’C.’C (0)7 FV..’C.’C.’C(L) = _FV.XXX (O)
and, for r even,
Fr (L) = _Fr (0)7 Fr.x (L) = Frr(o)
(A4)
FV..’C.’C(L) = _FV.XX (0)7 r, ’C’C’C(L) r, ’C’C’C(O)

In the case where «, # «, for r odd, s even or r even, s odd, we
have

L
2
L2 / Fr.xe.xx dx = m[afar(Bx + Dx)(Br + Dr)
0 -y

r

+Ol,3%3(Bx - Dx)(Br - Dr) - Olyzaj(Ax + Cx)(Ar - Cr)

oA+ C)(A, — C))] (A5)

L
2
/ FrFx.x dx = [_(Yf%(Bx - Dx)(Br + Dr)
0 of —of

_afax(Bx + Dx)(Br - Dr) + Ol?(Ax + Cx)(Ar + Cr)
+olal (A, = C)(A, = Cy)] (A6)

For the case where F, = F; and «, = «;, the integrals in Eqs. (A5)
and (A6) become (due to symmetry)

2 t 2 1 2 ‘
L FoFywdx=L"(=F_ | =0
0 2 "1,

L

L 1
/ F,F,, dx = [—Ff] =0
0 2 0

Note that the integration results of Egs. (A5) and (A6) would be
different from what is shown for the special case when F, # F| but
o =aj.

For the case where «, # o, and r and s even or r and s odd, we
have

—/ FFdx_

_ag(Bx - Dx)(Ar + Cr)

(A7)

[a (A, + C,)(B, — D,)

- leayz(Bx + Dx)(Ar - Cr)

+a,a} (B, + D,)(A, — C))] (A8)

L 2
L/ F.F,  dx =
o at —

s

ot [afa;z(Ax - Cx)(Br - Dr)
_Olga,z(Bx - Dx)(Ar - Cr) - Olf(Bx + Dx)(Ar + Cr)

+a,a(B, + D,)(A, +C))] (A9)

L L
L/ Fr.xe.x dx = _L/ FVFI.XX dx — 20{A-(A, + Cr)(Bx + Dx)
0 0
(A10)

For the case where F, = F and o, = «,, the integrals in Egs. (A8-
A10) become

1 L L3 L
— / F.F.dx = — / Fro P dx
L 0 af 0 ' '

1 2 2 A,
= 5[2A,—B,+1]+—[B,+1] (A1)
ai’

L
L/ FrFrw
0

- —%a[32+1]

__L/ (Frx)zdx

Ao [B, — 1] (A12)

Again note that the integration results of Eqs. (A6-A10) would be
different from what is shown for the special case when F, # F| but
= .

The terms with numerical superscriptsin the right-hand sides of
Eqs. (34-38) are defined as



RAIS-ROHANI AND MARCELLIER 587

E\, = a[X X, ], Hy, = a*[X; X, ],

Hy, = @*[X] X, G, = a[X; X, ],
(A13)

Gr, = a[X; X, ;. G, =alX;X; ],
L, = [x; %] L, =[x x];
where in the case i odd, m even or i even, m odd, we have
E}, = =2(A] + C})a; (Ay — Cp)
H! = —2a'a,(Bf + D!)(B, + D,)

H? = —2a]a, (B} + D})(B, + D,) (A14)

Li, = =2(A7 +C7)(4}, +C})

im

L?

im

—2(47 + C7)(4), + C)
and in the case where i and m are both odd or even, we have
G} = —2(A7 + CY)a, (B, + D,,)
G}, = —2(A; + C)a (B: + D) (A15)

Gi, = —2(A7 + €, (B) + D)

m

To define and calculate M}, M}, F;, K}, K3, K}, J}, J;,
and Jj3n, we just need to change a by b, i by j, m by n,and X by Y

and to use the appropriate coefficients from Y functions.
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